Abstract. This paper presents a proposal for the formulation of a mathematical model of a fire resistance testing process for steel beams subject to bending, carried out experimentally in a test furnace. The model for the formulation was created with a balance method by describing with the fundamental laws of thermomechanics the phenomena occurring during the experiment analysed for the formulation. The viscoplastic behave our of steel at high temperatures was described with constitutive relationships proposed by Perzyna (which form the so-called "overload model"). The general mathematical model of the experiment analysed, obtained in the form of a system of differential equations, is discussed. The authors considered the impact of known physical properties of the test material and the impact of the results of the observations made during the research on the behaviour of individual terms of the model's equations. Based on these considerations, simplifications were proposed which optimized the mathematical description and facilitated its adaptation to a special case. As a result of the investigation, a system of equation was obtained which described the processes present during the fire resistance test. It is postulated here to accept the system of equations as the mathematical model. 
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Background
The high unpredictability and multitude of scenarios by which a fire event may proceed and affect the environment (e.g. the structure of a building) caused test furnace experiments to be the most reliable method for the determination of fire endurance of structural components. In a test furnace experiment, the test component, which is a physical model of the structure, is exposed to a mechanical load and the effect of hot combustion gases. The control over heating of the test furnace facilitates development of a combustion gas temperature compliant with the fire models described with temperature-time curves, established in the standard [27] . A schematic of the test experiment is shown in Fig. 1 .
During the test experiment, the test component of a structure is subject to deformation (bending variable in time) by external effects. The test experiment continues until a conventional fire resistance limit state is achieved as expressed with the standard [26] for ultimate bending parameters. Fig. 2 presents the course and the result of the test experiment. [28] The course (progression or evolution) of a process can be anticipated by testing a model of the process. Mathematical modelling is feasible for this purpose if a sufficient mathematical description of the process exists. Mathematical modelling thus combines the physical knowledge of the process with the mathematical knowledge of the subject [13] . This paper proposes a mathematical model which describes the reaction (behaviour) of structures to thermomechanical effects caused by fire. The proposed model can become an input for the formulation of an initial-boundary value problem a numerical solution of which facilitates simulation of deformation in, and determination the fire resistance of, the tested structural component.
Thermomechanical strain analysis of bodies
A balance method was applied to generate the mathematical model of the phenomenon considered in this work. The essence of rational modelling by application of the balance method is first to apply the principal laws of mechanics relevant to the balances of extensive values: mass, momentum, angular momentum, and energy. Next, the mathematical model must be complemented with equations or dependencies related to detailed laws of mechanics which specify what type the body is which takes part in the process described in the mathematical model. These equations and dependencies include sets of relations which describe the body (i.e. the dependencies between the characteristic constants of the material), the interactions (from external forces, temperature, etc.), and motion (the relations between displacements and strains) [2] .
The reaction of a deformable body to external interactions can be described with a system of differential equations which represent the behaviour of a continuous medium.
A set of laws of thermodynamics formulated below [9] was applied for building of the system of equations required for the analysis of the problem:
-the principle of conservation of momentum (the equation of motion)
-the principle of conservation of angular momentum (the condition of symmetry of Cauchy's stress tensor) ij ji
-the first law of thermodynamics (conservation of energy)
The equations required expansion with the following [9] to obtain the full assembly of equations which describe the mechanical phenomena occurring in the system: -geometric relationships between strain and displacement , ,
-constitutive relationships between the state of stress and the state of strain of the body ( , , , , , , ) 0.
To solve the thermomechanical problems, this set required a complement of relations which described the laws of heat flow [17] : -Fourier's law
The internal heat source in a body which is heated and deformed (strained) can originate from the processes of mechanical and mechanical strain and the processes concomitant to the phase changes within the body's material.
Many materials, including metals react to loads with elastic strain first (which means that the material returns to its original shape when the load is no longer applied); as the load increases or mechanical properties of the material change, the material is subject to plastic strain (deformation) (at which the removal of the load does not cause the material to return to its original state; hence, permanent deformation is present). The deformation process always changes the temperature field in the body subject to the strain; it is a macroscopic manifestation of the phenomena which occurs in the microstructure [20] .
The principle of conservation of energy (3) and the heat flow laws (6) and (7), an equation of temperature evolution was derived in the form shown below [4] when the following was considered: the relationships between the internal energy and the Helmholtz free energy; and the dependencies of stress and temperature from the free energy, and without the effect of internal microfailure of the material:
The third and the fourth term on the right-hand side of the equation (8) describes the transformation of mechanical energy into heat, where the mechanical energy was generated during elastic strain and plastic strain, respectively. The elastic strain thermal energy was related to the strain caused by mechanical interactions and the thermal expansion of the material being heated [15] . The thermodynamic constant η was a material constant describing the heat caused by the strain rate at the state of stress [17] .
The plastic strain thermal energy was related to the work of stress in the areas of plastic strain [24] . The conversion of work into thermal energy was only partial in the discussed case; the remainder of work was stored as the deformation energy. The Taylor-Quinney coefficient χ described the part of mechanical energy of the plastic strain which was dissipated (converted into heat).
Viscoplastic constitutive laws
A number of materials, especially those with a physical yield point, are sensitive to strain rate [14] . However, the effect of strain rate on the mechanical properties of steel, for example, is distinctly dependent on the material's temperature. Materials with physical yield points include low-carbon steel, a material widely used in the construction industry. The structural components used in standard fire tests are made from this steel grade. In the case contemplated here, adopting a constitutive model of a material which features elastic, plastic and viscous characteristics was justified.
The equations which describe the phenomenon of viscoplasticity generally include the laws of evolution of state variables; the state variables can be external or internal. External state variables are directly measurable and include stress, strain and temperature. Internal state variables cannot be directly observed; they are associated with structural changes in materials, including: plastic strain, kinematic or isotropic hardening, failure, etc.
The authors of [18] proposed a division of viscoplastic materials into two classes: -elastic-viscoplastic materials: exhibit viscosity in the plastic and elastic ranges; -elastic/viscoplastic materials: exhibit viscosity after plasticization only (according to the overload model). Low-carbon steel conforms to the elastic/viscoplastic model; constitutive relationships typical of the overload model were adopted further in this work.
The fundamental postulate of the elastic/viscoplastic model theory when infinitesimal strain of the body is assumed is to adopt an additive decomposition of total strain rate [18] :
.
The strain rate tensor in equation (9) is related by dependence with the stress rate according to Hooke's law [1] :
Perzyna's constitutive model
Many models of viscoplastic materials are featured in references for which constitutive equations are formulated to describe the behaviour of a plastic body. One of the first and most universal models is proposed by Perzyna [18] . Perzyna's constitutive model is useful for describing the viscoplasticity effect occurring at high temperatures at low or high strain velocities. The reliability proved with multiple tests, the universality and the relative simplicity of Perzyna's constitutive model, coupled with the availability of experimental test results qualified it for further consideration in the modelling of the fire resistance test process applied to steel structures.
Perzyna's constitutive model defines the evolution of strain rate in an isotropic viscoplastic material which is incompressible in its non-elastic range as follows [18] :
With the initial yield stress adopted following the Huber-Mises criterion, the effective stresses were defined with the following relation [8] :
The constitutive equation in Perzyna's constitutive model does not describe the dependence between hardening or softening and temperature [23] . The dependencies for the state variables γ and R were determined by experimental testing. With the calibration parameter n = 5, the dependencies could be assumed in the following form for mild steels [10] : 
Thermomechanical analysis of a bent steel beam: the mathematical model
To enable a computer simulation of a physical phenomenon or an industrial process, it is first necessary to develop a mathematical model being a function or a group of functions, binding different variables and describing the relationships between the quantities in the system [7] .
The general mathematical model of a deformable body under thermomechanical loads can always be adapted to special conditions of the process being described. In this work it was also possible to adopt certain rational assumptions and simplifications which resulted from known material properties and the observations from experimental testing.
Condition 1: Small displacements
The displacement observed during the tests [25] was much lower than the geometrical dimensions, or the displacement gradients ∇ x u <<1, of the test component. This justified the omission of the product of displacement gradients from equation (4) and the reduction of the strain measure to the dependencies relevant to infinitesimal strains:
Condition 2: Isotropy of material
The test structural component was made from mild low-carbon steel, a polycrystalline material [6] . Polycrystalline bodies with a high grain count and devoid of a defined texture (i.e. a privileged grain orientation) could be considered to be quasi-isotropic [21] . Hence, mild low-carbon steel could be considered to be homogeneous and isotropic. This allowed a representation of Hooke's law as a Duhamel-Neumann relationship [16] :
with λ and μ being Lame's constants defined as follows:
General mathematical model
The considerations presented so far were concluded with the proposal for a general mathematical model to describe: (i) the thermomechanical effects on an isotropic body and (ii) the reaction of the isotropic body at a low strain. By combining equations (6) and (8) with (1), (15) and (16), the general mathematical model was reduced to this system of equations:
The physical and thermal properties of the material (ρ, c p , λ T , μ, λ,α T ,) are functions of the temperature; hence, a system of non-linear coupled equations existed. The constant volume of metallic solid bodies, as demonstrated in [11] , under non-elastic strain at infinitely small strain caused the following:
The assumed uniformity and isotropy of the material allowed Perzyna's constitutive equation to be applied in the form of (11).
(Special) Condition 4: displacement rate (quasi-static state)
The displacement (bending) increment rate observed in test [25] of the structural component was low enough it allowed an assumption that the process was quasistatic: there was a static equilibrium state at any point of time. Hence, it was possible to omit acceleration from equation (1) and construe the acceleration as equations of equilibrium [9] : , 0.
(Special) Condition 5: elastic strain heat
The increase in the temperature of the body caused by the generation of heat related to the elastic strain rate was negligible when compared to the temperature increase from other factors; this applied only when the relative strain rate-was much lower than the relative temperature change rate [3] , i.e.:
1 .
If the strain was only caused by the thermal expansion of the material, dependence (21) could be reduced to this condition [3] :
The condition was met at the linear thermal expansion of carbon steel at an ambient temperature of approximately 11.9×10 -6 K -1 . As for the strain caused by mechanical effects only, the application of conditions 1 and 4 provided the following:
Hence, the effect of the thermal energy portion which originated from the elastic displacement of the body could be disregarded:
(Special) Condition 6: plastic strain heat
The Taylor-Quinney coefficient χ determined which part of plastic strain mechanical energy was dissipated and it was determined by experimental testing to be equal approx. 0.9 [22] for the steel.
High-rate deformation changed the isothermal conditions into adiabatic conditions, witnessed as an increase of the temperature of the body being deformed. Mechanical loads applied to the steel beam during the fire resistance test were constant in time. The magnitude and velocity of bending of the steel beam were limited with the assumed fire endurance limit state. The values were small enough to make the heat from the dissipation of plastic strain energy negligible, when compared to the heat input of the system from the temperature increase in the test furnace [19, 22] . Hence: 0.
(Special) Condition 7: residual (internal) stresses
Steel structural components are subject to different heat and mechanical processing operations during manufacturing; the operations generate a certain state of internal stress which may exist in the material left at rest [18] . The determination of the stress tensor components requires considering the presence of the internal stresses, a.k.a. residual stresses. In general conditions the following should be assumed [12] to determine the function of plastic potential:
. ls rs ij ij ij
Heating of a component which features residual stresses causes relaxation by which the residual stresses disappear. This process occurs only when the material has become plastic. Residual stresses remain unchanged in the elastic state, even if the temperature of the body is increased.
The residual stresses of flat structures calculated as bar structures can be omitted for the components subject to bending only due to the low impact on the accuracy of the mathematical model [5] . The steel beam was not compressed; hence:
Special mathematical model When equations (18) and (19) included special conditions 3 to 7, described with the relationships (20) , (21) , (25) , (26) and (28) , the following system of equations was derived:
